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Adaptive Control of a Class of MIMO Nonlinear Systems

in the Presence of Additive Input and Output

Disturbances *

Enver Tatlicioglu?, Bin Xian®, Darren M. Dawson ¢, Timothy C. Burg®

# Department of Electrical & FElectronics Engineering, Izmir Institute of Technology, Urla, Izmir, 35430 Turkey
b School of Electrical Engineering & Automation, Tian Jin University, Tian Jin 300072, P. R. China

¢ Department of Electrical € Computer Engineering, Clemson University, Clemson, SC 29634-0915

Abstract

In this paper, two controllers are developed for a class of MIMO nonlinear systems. First, a robust adaptive controller
is proposed and proven to yield semi-global asymptotic tracking in the presence of additive disturbances and parametric
uncertainty. In addition to guaranteeing an asymptotic output tracking result, it is also proven that the parameter estimate
vector is driven to a constant vector. In the second part of the paper, a learning controller is designed and proven to yield
a semi-global asymptotic tracking result in the presence of additive disturbances when the desired trajectory is periodic. A
continuous nonlinear integral feedback component is utilized in the design of both controllers and Lyapunov-based techniques
are used to guarantee that the tracking error is asymptotically driven to zero. Numerical simulation results are presented for
both controllers.

Key words: Nonlinear systems; Adaptive control; Learning control; Disturbance rejection

1 Introduction

It is the case of a class of MIMO nonlinear systems with parametric uncertainty and bounded disturbances that
is considered here. Review of the basic control problem suggests and disqualifies certain solutions. It is probably
wise at the outset to discard an exact model-based control approach for this problem given that any parameter
estimation error and disturbances are not directly addressed, and hence, the system performance and stability
cannot be predicted a priori. Given the parametric uncertainty in the proposed class of systems to be studied, an
adaptive control solution may be warranted. However, an adaptive controller designed for a disturbance free system
model may not compensate for the disturbances and may even go unstable under certain conditions. Enhancing the
adaptive control approach with a robust component to form a robust adaptive controller can generally guarantee
closed-loop signal boundedness in the presence of the additive disturbances. Unfortunately, while a robust adaptive
controller can potentially guarantee the convergence of the tracking error to a bounded set (i.e., the tracking error
can’t necessarily be driven to zero) the asymptotic tracking result (where the tracking error is driven to zero) that
would be shown for an adaptive controller applied to the disturbance free model will be lost. These trade-offs in
performance and robustness have framed the last ten years of research in robust adaptive control.

* This paper was not presented at any IFAC meeting. A preliminary version of this paper appeared in [19]. Corresponding
author E. Tatlicioglu. Tel. +90-232-7506728. Fax +90-232-7506599.

Email addresses: envertatlicioglu@iyte.edu.tr (Enver Tatlicioglu), xbin@tju.edu.cn (Bin Xian),
darren.dawson@ces.clemson.edu (Darren M. Dawson), tburg@clemson.edu (Timothy C. Burg).
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Review of relevant work highlights some of the different tacks used to approach this problem. An adaptive backstep-
ping controller was shown by Zhang and Ioannou in [23] for a class of single-input /single-output (SISO) linear systems
with both input and output disturbances. The proposed controller demonstrates the use of a projection algorithm to
bound the parameter estimates and guarantees an ultimately bounded tracking error. In an alternate approach, the
work of Polycarpou and Ioannou [18] demonstrated a leakage-based adaptation law to compensate for parametric
uncertainties. The proposed robust adaptive backstepping controller is applicable to a class of higher-order SISO
systems with unknown nonlinearities. The suggested control law guarantees global uniform ultimate boundedness of
the system state (with some restrictions on the bounding functions of the nonlinearities). Robust adaptive control
laws were developed in [4], utilizing the modular design introduced in [11] and a tuning function design, for a class of
systems similar to that studied in [18]. These authors show estimates on the effect of the bounded uncertainties and
external disturbances on the tracking error. In [7], an adaptive backstepping controller for linear systems in the pres-
ence of output and multiplicative disturbances is designed. Ikhouane and Krstic, added a switching o-modification
to the tuning functions to obtain a tracking error proportional to the size of the perturbations. Marino and Tomei
[15] proposed a robust adaptive tracking controller that achieves boundedness of all signals. The result is based on a
class of SISO nonlinear systems that have additive disturbances but also unknown time-varying bounded parameters.
It is significant that the result shows arbitrary disturbance attenuation. In [16], Pan and Basar proposed a robust
adaptive controller for a similar class of systems in [15], where the tracking error is proven to be Lo-bounded. In [5],
Ge and Wang proposed a robust adaptive controller for SISO nonlinear systems with unknown parameters in the
presence of disturbances, which ensure the global uniform boundedness of the tracking error.

Most of the research in adaptive control discussed above has focused on the convergence of the error signals and
boundedness of the closed-loop system signals. As the sophistication in adaptive control techniques has evolved,
additional questions about system performance have arisen. Notably, the final disposition of the parameters estimates
in the closed-loop system has been examined. It is well established that without persistent excitation at the input,
it is not typically possible to show the convergence of the parameter estimates to the corresponding system values
(with an exception being a least-squares algorithm). In fact, for gradient and Lyapunov-type algorithms, convergence
to a constant value, is typically not even guaranteed. Krstic summarized this question well in [10] and also provided
some answers. In [10], it was shown that for the proposed adaptive controller; the parameter estimates will reach
constant values after a sufficient amount of time.

A recent paper by Cai et al. [2] 1 presented a robust adaptive controller for MIMO nonlinear systems with parametric
uncertainty and additive disturbances. It was assumed that the disturbance is twice continuously differentiable and
has bounded time derivatives up to second order, the proposed controller was proven to yield an asymptotic output
tracking result. However, no mention of the convergence of the parameter estimates was made. Thinking out loud for
a moment, it might stand to reason that if the robust part of the controller is compensating for the disturbances and
an asymptotic tracking result is obtained then perhaps something special is happening to the parameter estimates.
Exploring this vague notion with mathematical rigor, we will show that with a minor modification to the control in
[2] and with some additional analysis of the stability result, we are able to formulate a new conclusion about the
parameter estimates. What is shown is that this robust adaptive controller will yield constant parameter estimates
even in the presence of the disturbance. The stability analysis parallels that presented in [2] but with the extended
analysis the convergence of the parameter estimates is demonstrated. In the design of the adaptive controller, the
robust control component in [20] was combined with an adaptive control design to achieve semi-global asymptotic
tracking. One contribution of this paper is to add to the small number of results where parameter convergence has
been shown. In the second part of the paper, a learning controller for the same class of MIMO nonlinear systems
is designed under the assumption that the reference trajectory is periodic (for past research related to the design
of learning controllers, reader is referred to [1], [6], [22] and the references therein). In the design of the learning
controller, the robust control component in [20] was combined a with nonlinear learning control design to compensate
for the unknown system dynamics and a semi-global asymptotic tracking result is obtained in the presence of bounded
additive input and output disturbances. When compared to [20], the two control methods developed in this paper
require less control energy. The adaptive controller includes estimates for the unknown system parameters, and the
learning control design embeds a learning component to compensate for the uncertain system dynamics when the
desired trajectory is periodic. In both control designs, Lyapunov-based techniques are used to guarantee that the
tracking error is asymptotically driven to zero. Numerical simulation results are presented for both controllers to
demonstrate their viability.

! [2] is the technical report version of [3].



2 Adaptive Control
2.1 Problem Statement
Following class of MIMO nonlinear systems is considered
o™ = f+Gu+d)+do (1)
where () (t) € R™, i = 0,...,(n — 1), are the system states, f (:v,:b,...w("_l),@) e R™, G(w,dc,...w("_l),H) €
R™>*™ are nonlinear functions, # € R? is an unknown constant parameter vector, d; (t),dz (t) € R™ are unknown
additive nonlinear disturbances, and u (t) € R™ is the control input. The system model can be rewritten
Mz'™ = h+u+dy + Mdy (2)
where M (:v,:b, ez, 9) € R™*™ and h (t) € R™ are defined as
M2G, (3)
h&Mf. (4)
The system model is assumed to satisfy the following assumptions.

Assumption 1 The nonlinear function G () is symmetric, positive definite, and its inverse M (-) satisfies the
inequalities[12]

2 _ 2
mgl* <€ M()E<m()[EI° vEEeR™ (5)
m (:1:, Ty, x(”fl)) € R is a positive, globally invertible, nondecreasing function of each variable, m € R is a positive
bounding constant, and ||-|| denotes the Euclidean norm. This assumption holds for most electromechanical systems.

Assumption 2 The nonlinear functions, f (-) and G (+), are continuously differentiable up to their second derivatives

fie, (),G()€C).
Assumption 3 The nonlinear functions®, f(-) and M (), are affine in 6.

Assumption 4 The additive disturbances, di (t) and da (t), are assumed to be continuously differentiable and

bounded up to their second derivatives (i.e., d; (t) € C? and d; (t),d; (t),d; (t) € Loo, i =1,2).
The output tracking error e (t) € R™ is defined as
Ry (6)
where z,. (t) € R™ is the reference trajectory satisfying the following property
z. () eC 2D (t) € Log ,i=0,1,...,(n+2). (7)

The control design objective is to develop an adaptive control law that ensures Hegi) (t)H — 0ast — o0, 1 =

0,...,(n — 1), and that all signals remain bounded within the closed-loop system. To achieve the control objectives,

the subsequent development is derived based on the assumption that the system states (¥ (), i =0, ..., (n — 1) are
measurable.

2 When considering mechatronic systems one main concern in regards to this assumption is the existence of friction. The
reader is referred to [14] and [17] for adaptive controllers that considered a nonlinear parameterizable friction model which
was introduced in [13]. The control design developed in this paper can also compensate for this type of nonlinear friction by
following the similar steps in [17].



2.2 Development of Robust Adaptive Control Law

The filtered tracking error signals, e; (t) € R™, i = 2,3, ...,n are defined as follows

€9 £ él +e1 (8&)
e3Léy+ey+e (8b)
en2ép_1+en_1+ena. (8¢)

A general expression for e;, i = 2,3, ...,n in terms of e; and its time derivatives is given as
i—1
()
e =) a;er (9)
=0

where the known constant coefficients a; ; are generated via a Fibonacci number series® [20], [21]. To facilitate the
control development, the filtered tracking error signal, denoted by r (t) € R™, is defined by

rEé, + Aey (10)

in which A € R™*"™ is a constant, diagonal, positive definite, gain matrix. By differentiating (10) and premultiplying
by M (-), the following expression can be derived 4

n—2
Mi=M | 2D 43 a6 + Ay,
=0
+Mz™ —h— 4 —dy — Mdy — Mdy (11)

note that (6), (9), the first time derivative of (2), and the fact that a, (,—1) = 1 were utilized. The expression in
(11) can be arranged as follows

1. . . )
M7'°=—§Mr—en—u+N—d1—Md2—Md2 (12)
where the auxiliary function N (x, &, .,z t) € R™ was introduced with the definition
n—2 )
NaEM [zt 43" an;e¥"? + Aéy,
j=0
. (n) 1 .
+M |z —|—§r + e, — h. (13)
To facilitate the subsequent analysis, (12) can be rearranged as
. 1. L
Mr:—gMT—en—u—i—N—i—NT—i—w (14)

3 By definition, the first two Fibonacci numbers are 0 and 1, and each remaining number is the sum of the previous two [9].
4 The open-loop error system in (11) is developed in detail for a second order system in Appendix D.



where N (:v,:b, ...,x("),t) , Ny (t) ¢ (t) € R™ are defined

N2 (N — Mdsy — Mdz) - (NT ~ Myds — MrdQ) (15)
N; = N|m:zT, T=Fpy..., z(n) =g (™ (16)
1/) £ _dl - Mrd2 - MrdZ (17)

in which M, (t) € R™*™ represents

MT - M|z*m =

. —1y_.(n—1) .
=T, T=Tr;..., z(n 1)_17‘

(18)

Remark 1 By utilizing the Mean Value Theorem along with Assumptions 2 and 4, the following upper bound can
be developed®

15 0| < etz 121 (19)
where z (t) € ROTUMXL s defined by

T
z & [ef el el T (20)

and p (-) € Rxg is some globally invertible, nondecreasing function.

Remark 2 [t is clear from (7), Assumption 4, (17), and the time derivative of (17) that 1 (t), ¥ (t) € Leo.

Remark 3 It can be seen from (7), (13), (16), and the time derivative of (16) that N, (t), N, (t) € L.
Remark 4 In view of Assumption 3, N, (-) defined in (16) can be linearly parameterized in the sense that

N, = W,0 (21)
where W, (t) € R™*P s the known regressor matriz and is a function of only z, (t) and its time derivatives.

Based on (14) and (21), the control input is designed as

w= (K + I,) [en (t) — en (to) + A e () dT]

to
t
+ / W, ()0 (7)dr + 11 (22)
to
where the auxiliary signal I (t) € R™ is generated according to the following update law
I1= (C1 + Cs) Sgn (en) I (fo) = O (23)

where 0 (t) € R? denotes the parameter estimate vector and is generated via

=T tWTT(T)Aen(T)dT—F/ttWTT(T)en(T)dT

to

ATW () en (t) = TW, (to) en (to) - (24)

In (22)-(24), K,C1,Cy € R™*™ and T’ € RP*P are constant, diagonal, positive definite, gain matrices, I,,, € R™>™ ig
the standard identity matrix, and Sgn(-) € R™ being the vector signum function. It should be noted that 6 (¢o) = 0px1

® The reader is referred to Appendix F for the derivation of the upper bound in (19).



and u (tg) = Omx1 where Opx1 € RP and 0,,x1 € R™ are vectors of zeros. Based on the structure of (22)-(23), the
following are obtained ©

w=(K+In)r+ (Cy + Cs)Sgn(e,) + W,.0 (25)
O=TW'r. (26)

Finally, after substituting (25) into (14), the following closed-loop error system for r (t) is obtained

1. -
M’l":—gM’f'—en—(K'i‘Im)r"'Wre
—(C1 4 C5) Sgn (en) + N + 1 (27)

where the parameter estimation error signal 6 (t) € RP? is defined as follows

0200 (28)

2.8 Stability Analysis

Theorem 1 The control law (22), (23) and the update law (24) ensure the boundedness of all closed-loop system

signals and Hegi) (t)H —0ast—o0,i=0,..,n, provided

Amin (A) > %, (29)
1

Cri > || )l + A; i (1) Loo

where the subscript © = 1,...,m denotes the ith element of the vector or diagonal matriz and the elements of K are
selected sufficiently large relative to the system initial conditions (see Appendiz A for proof).

(30)

Theorem 2 There exists a constant vector @Oo € RP such that

0(t) — O ast — oo (31)
(see Appendiz B for proof).

2.4 Numerical Simulation Results

A numerical simulation was performed to demonstrate the performance of the adaptive controller given in (22)-(24).
A first order form of the class of systems considered in this paper ” with the following modelling functions is utilized

2]

_ 2+ cos 0
| T2 . 0
f= 2 |7 G= ' 3+sinzy |
| 73 0 oree
02

g — cos (2t) + exp (—0.5t)
9_'91__ 2 P | sin (3t) + exp (=0.5)
e | |1 . [$n 2t) + exp (—0.5¢)
o (

cos (3t) + exp —O.5t)]

6 The expressions in (22), (23) and (25) are based on [20] and [21].
" The system model utilized in this simulation study is presented in detail in Appendix E.



T
where © = [331 9 } . The reference trajectory was selected as

L[] [ (e (55))
[ st (1o (1))

T . T
The initial conditions of the system were set to = (tg) = {2 —1} and 6 (tg) = [0 0} , while the controller

parameters were chosen as A = 41y, K = 215, C; = 215, Cy = 215, and I' = 20015. The controller parameters above
were selected via a trial-error method until a good tracking performance was obtained and then the lower control
gain value was preferred. The tracking error e (t) is presented in Figure 1 where it is clear that the tracking objective

is satisfied. In Figures 2 and 3, the parameter estimate 6 (¢) and the control input « (¢) are presented, respectively.
From Figure 2, it is clear that the parameter estimate vector is driven to a constant vector.

To demonstrate the effect of the adaptive term fti W, (1) 0 (t) dr in the adaptive controller in (22), during the
simulation run following performance measures were computed

M. (t) & [ lew (7)]* dr (32)

M, (t) £ / Ju ()2 dr (33)

where M, (t) is a measure of the magnitude of the tracking error, and M, (t) is a measure of the energy expended
by the controller over a period of the operation of the system. For both runs, it was observed that the tracking error
converged to zero within 4 seconds. From Table 1, it is clear that after adding the adaptive term, the controller
required less energy while achieving improved tracking performance.

Table 1
Comparison of Energy Measures for Adaptive Control
u (t) without u (t) with
S We(r) 6 (r)dr | [ Wi ()0(7)dr
M. 1.5559 1.4611
M, 49.1676 47.8269

-05 L L L L L L L L L
0 1 2 3 4 5 6 7 8 9 10

Time [sec]

Fig. 1. (Adaptive Controller) Tracking Error e; (t)



Time [sec]

Fig. 2. (Adaptive Controller) Parameter Estimate 6 (t) (top plot is 61 (£) and the bottom one is 02 (t))

-3 L L L L L L L L L
0 1 2 3 4 5 6 7 8 9 10

Time [sec]

Fig. 3. (Adaptive Controller) Control Input u (¢)
3 Learning Control
3.1 Problem Statement

The system model in (1) is considered. The nonlinear functions f(z,#, ...,z 1) € R™ and G(z, &, ..., D) €
R™>™ are uncertain where this dynamic uncertainty is assumed to be non-parameterizable. The system model is
assumed to satisfy Assumptions 1, 2, and 4.

The output tracking error e (¢) is defined in (6) and in this case the reference trajectory is periodic in the sense that
et +T) =20 ) , 2 (t) € Loo,i =0, ..., (n+ 2) (34)
where T' € R* is the period of the reference trajectory.

The control design objective is to develop a nonlinear control law that ensures ||eq (t)]] — 0 as t — oo. To achieve

the control objective, the subsequent development is derived based on the assumption that the system states z(?) (1),
i=0,...,(n — 1) are measurable.



3.2  Development of Learning Control Law

The open-loop error system development for the learning control law is exactly the same as the open-loop error
system development for the adaptive control law. The control design is assumed to continue after Remark 1.

Remark 5 It can be deduced from (34), Assumption 4, (17), and the time derivative of (17) that ¢ (t), ¥ (t) € L.

Remark 6 It can be seen from (13),(16), (34), and the time derivative of (16) that Ny (t), Ny (t) € Loo.
Remark 7 After utilizing (34), it is clear that N, (t) satisfies the following equation

N, (t+T) =N, (t). (35)

Based on (14), the control input is designed as

u= (K + Ip) e, (t) — (K + Ly) en, (to) + W, (2)
+/ (K 4+ I,,) Aey, (1) dr + 11 (36)

to

where the auxiliary signal I (t) € R™ is generated according to the following update law
IT = C1Sgn (en) , I (to) = Omx1 (37)
and W, (t) € R™ is defined as follows

Wr(t)_WT(t—T)+kLA/ten(7')dT

to

+krey, (t) —kren, (to) . (38)

In (36)-(38), K,C1, A € R™*™ are constant, diagonal, positive definite, gain matrices and kz, € R is a positive gain.

It should be noted that since W, (to) = Opmx1 it follows that w (tg) = 0yx1. The auxiliary function N, (t) e R™ is
defined as

N, & W,. (39)
By utilizing (39) along with (38), the following can be obtained

Ny (8) = Ny (£ = T) + b (1) (10)
Taking the time derivative of (36) and substituting from (37) and (39) generates®
i = (K 4 Ln) 7+ C1Sgn (en) + N, (t). (41)
Finally, after substituting (41) into (14), the closed-loop error system for r (¢) is obtained as follows
M?*:—%Mr—en—(K+Im)r (42)
~C4Sgn (e,) + N + N, + 9

where N, (t) € R™ is defined as
N, £ N, — N,. (43)
By utilizing (35) and (40), N, (t) can be rewritten as

N, (t) =N, (t—T) — kpr. (44)

® The expressions in (36), (37) and (41) are based on [20] and [21].



3.8 Stability Analysis

Theorem 3 The control law (36) and (38) ensures that |le1 ()| — 0 as t — oo, provided that (29) and (30) are
satisfied and the elements of K are selected sufficiently large relative to the system initial conditions (see Appendiz

C for proof).
3.4 Numerical Simulation Results

A numerical simulation was performed to demonstrate the performance of the learning controller given in (36)-(38).
The first order system model in Section 2.4 is utilized with the following reference trajectory

o [xﬂ] _ [sin (0.27#)] . (45)

Ty2 cos (0.27t)

T
The initial conditions of the system were set to x (tg) = [1 —1} , while the controller parameters were chosen as

A =201, K = I, C; = 415, and k7, = 200. The controller parameters above were selected via a trial-error method
until a good tracking performance was obtained and then the lower control gain value was preferred. The tracking
error eq(t) is presented in Figure 4. From Figure 4, it is clear that the tracking objective is satisfied. In Figure 5, the
control input w (¢) is presented.

To demonstrate the effect of the learning term W, (t) in the learning controller in (36), during the simulation run
the performance measures in (32) and (33) were computed. For both runs, it was observed that the tracking error
converged to zero within 5 seconds. From Table 2, it is clear that after adding the learning term, the controller
required less energy while achieving improved tracking performance (i.e., faster convergence).

Table 2
Comparison of Energy Measures for Learning Control

u (t) without W, (t) | w(t) with W, (t)
M. 0.83 0.13
M, 35.14 41.97

0 1 2 3 4 5 6 7 8 9 10
Time [sec]

Fig. 4. (Learning Controller) Tracking Error e (¢)
4 Conclusion

Two controllers were developed for a class of MIMO nonlinear systems in the presence of additive disturbances. The
robust adaptive controller was proven to yield a semi-global asymptotic tracking result in the presence of parametric

10
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0 1 2 3 4 5 6 7 8 9 10
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Fig. 5. (Learning Controller) Control Input w(t)

uncertainty along with additive disturbances. The adaptive controller and the adaptation law were designed such
that, the parameter estimate vector is proven to go to a constant vector. In the second part of the paper, the
learning controller was proven to yield a semi-global asymptotic result in the presence of additive disturbances and
when the desired trajectory is periodic. In the development of both controllers, the bounded additive disturbances
were assumed to be twice continuously differentiable and have bounded time derivatives up to second order. Since
no assumptions were made regarding the periodicity of the disturbances, it is clear that the suggested controllers
compensate for both repeating and nonrepeating disturbances. For each controller, Lyapunov-based techniques were
used to prove the tracking result. Numerical simulation results were presented for both controllers where nonrepeating
disturbances were utilized.
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A Proof of Theorem 1
Lemma 1 Let the auziliary functions Ly (t), La (t) € R be defined as follows
Li 27" (¢ = CiSgn(en)) , Lo & —é;,CaSqn (ey). (A1)
If Cy is selected to satisfy the sufficient condition (30), then
S Tr () dr < o s Jyy Lo () dr < Gy (A.2)

where (1, Cpa € R are positive constants.

PROOF. After substituting (10) into (A.1) and then integrating L; (¢) in time, results in the following expression

t() tO

—C1Sgn (e, (1)) dr

+/t:#1/1(7')d7

[ mee= [ aeaee (A3)
(

tdeT (r
—/t dziT()Cngn(en (1)) dr.

0
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After integrating the second integral on the right-hand side of (A.3) by parts, the following expression is obtained

/L <T>dr—/t:e£ () AT [ (7)

—C1Sgn (e (7)) dr + €} (1)1 (1) to
[t

_ZC].Z |enz ||t0

[N e

_A71d1/:l_7(—7') — C1Sgn (e, (1)) | dr

+ep ()1 (t) — e (to) ¥ (to)

— > Cri (leni ()] = leni (to)]) - (A.4)
i—1

The right-hand side of (A.4) can be upper-bounded as follows

/Ll dT</ S lews (7)1 As 1 () (A.5)

to j=1

L |di,; (1)

E 7 Cll:| dr
+Z|em B = C1i) + Cpa-

If Cy is chosen according to satisfy (30), then the first inequality in (A.2) can be proven from (A.5). The second
inequality in (A.2) can be obtained by integrating Lo (t) defined in (A.1) as follows

/t Lo(1)dr=— / éz (1) C2Sgn (e, (1)) dr (A.6)

to

= G2 — Z Cai leni ()] < Cpo-

Let the auxiliary functions P (t), P2 (t) € R be defined as follows

P2 ¢y —/t Ly (r)dr (A7)
Py 2 (p —/t Lo (1) dr. (A.8)

The proof of Lemma 1 ensures that Py (t) and P (¢) are non-negative. The non-negative function V (s (¢),t) € R is
defined as follows

Z el+2rTMr+P1+P2+—6‘

VA

<bz

(A.9)

[\D|P—‘
[\
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where s (t) € RI(MHUm+242Ix1 ig defined as

T
s= T VP VP8 | (A.10)

By utilizing (5), (A.9) can be bounded® as follows

Wi (s) <V (s, t) < Wa(s) (A.11)
where W1 (s), Wa (s) € R are defined as
Wi(s) £ A [lsl® , W (s) £ Az (Ils]]) Ils]” (A.12)
and A1, A2 (-) € R are defined as
A= min {1,m, Ain (071) },
2
Mo :max{l, %fn(”s”) , %)\max (1"—1)}, (A.13)

The time derivative of (A.9) can be obtained as follows

. n 1 . . . ~ K
V=Y el M+ ST Mr 4 P+ By +o T 10, (A.14)
=1

The first term in the above expression can be written as follows

n

Z 6?61 = 6,{ (62 - 61) + eg (63 — €2 — 61)
i=1
T
+es (64 —e3—ea) + ...
el (en—en1—eno)+el(r—Ae,)
n—1
=— Z efe;+el e, +elr—elAe, (A.15)
i=1

where (8a)-(8c), (10) where utilized. Substituting (26), (27), (A.1), and (A.15) into (A.14) results in the following
expression

n—1
’ T T T T
V=- E ejei+e, jen+e.r—e. Ae,
i=1

—IMr—e, - (K+1,)r
—|—TT ~ 2 _
+W,.0 — (C1 + C3)Sgn (e,) + N + ¢

—i—%rTMr —T (v — C1Sgn (en))

+¢X'CySen (e,) — 9TW;‘FT (A.16)

9 Using (6) and (8a)-(8c) it can be shown that H(:c,a't,...,x("fl))H < ¥(||s||) where ¥(:) is some positive function. Thus,

M@y, oy 2™ D) < ().
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which can be simplified as follows

=— Z eiTeZ— + eg_len — eZAen + égCQSgn (en)
+rT (— (K 4+ I,) r — C2Sgn (e,) + 1\7) (A17)

and utilizing (10) results in the following expression

n—1
— Z efe; —elAe, +ef e, —rTr
i=1
+rTN — 7T Kr — eI AC5Sgn (e,,) . (A.18)

By using (19), (29), and the triangle inequality, an upper-bound on (A.18) can be obtained as follows
: 2
V< =Xsllzll” + [I7ll p (ll=]])

—K||r|* - ZAiC% leni (1)

_<)\3— 7 (=) )| I ZA Coi e (t (A.19)

Ell

where A3 £ min {%, Amin (A) — 11 and K € R is the minimum eigenvalue of K. The following inequality can be

2
developed '°

V<Wi(s ZA Clai lens (t (A.20)
where W (s) € R denotes the non-positive function
2
W (s) = =B ||| (A.21)

in which 3, € R is a positive constant, and provided that K is selected according to the following sufficient condition

2
g U ) < (2V%E). (A.22)
3
Based on (A.9)-(A.13) and (A.19)-(A.21) the regions D and S can be defined as follows

D= {s sl < pt (2 ABK)} (A.23)
S= {s €D :Wa(s) <M (p—l (2 ASK))Q} . (A.24)

Note that the region of attraction in (A.24) can be made arbitrarily large to include any initial conditions by
increasing K (i.e., a semi-global stability result). Specifically, (A.12) and (A.24) can be used to calculate the region

10 The expression in (A.20) can be rewritten as follows
V < —A G llen ()l
where A and C> € R are the minimum eigenvalues of A and C?, respectively. Based on the subsequent analysis, it is clear that

€en (t) c L.
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of attraction as follows

W (s (o) < M (57 (2VAE))” (A.25)
— st <o (2VAE)

which can be rearranged as

K= o (2 g ). (4.26)

By utilizing (20) and (A.10) the following explicit expression for ||s (to)|| can be derived as follows

s (to) I =D llea (to)lI” + lI7 (o) I* + o1 + Gz + 11617

i=1

From (A.9), (A.20), (A.24)-(A.26), it is clear that V (s,t) € Lo Vs(to) € S''; hence s(t), z(t), 6(t) € Loo
Vs (to) € S. From (A.20) it is easy to prove that e, (t) € £1 Vs (tp) € S. From (10) it is clear that é, (t) € L
Vs (tp) € S. By using (6), (7) and (9), it can be proven that 2V (t) € Lo, i = 0,1,...,n, Vs (ty) € S. Then, it is
clear that M (t), M (t), f (t) € Lo Vs (to) € S. The facts that 7 (), 0 (t) € Lo Vs (tg) € S can be used along with

(28) and (26) to prove that 6 (t), 6 (t) € Lo Vs (tg) € S. After using these boundedness statements along with (2)
and (25), it is clear that w (¢), 4 (t) € Lo Vs (to) € S. The previous boundedness statements and Remarks 1, 2, 3
can be used along with (14), to prove that 7 (t) € Lo Vs (o) € S. These boundedness statements can be used along
with the time derivative of (A.21) to prove that W (s (t)) € Loo Vs (to) € S; hence W (s (t)) is uniformly continuous.
Standard signal chasing algorithms can be used to prove that all remaining signals are bounded. A direct application
of Theorem 8.4 in [8] can be used to prove that ||z (t)|| — 0 as t — 0o Vs (to) € S. Based on the definition of z (¢), it
is easy to show that [le; (¢)]], || (¢)|]| = 0 ast — 0o Vs (tg) € S, i =1,2,...,n. From (10), it is clear that ||é, (t)|| — 0

as t — oo Vs(tp) € S. By utilizing (9) e (
Vs (to) €S 1

t)H —0ast —o00,i=1,2,....,mn

B Proof of Theorem 2

PROOF. The fact that W, (¢) is a function of only z, (t) and its time derivatives, can be used along with the
boundedness requirement in (7), to show that W,. (t), W, (t) € L. After considering the fact that e, () € £ (see
the proof of Theorem 1), it is clear that W, () Ae,, (t), WT (t) e, (t) € L£1. After utilizing this fact along with the

first and second terms in (24), we can conclude that j;t WI (1) Ae, (1) dr — c; and f:o WT (1) en (1) dr — ¢y as

t — oo where ¢, ¢y are constant vectors (see Theorem 3.1 of [10] Based on the fact that e, (t) — O;x1 as t — 0o
Vs (to) € S (see the proof of Theorem 1) then it is clear that W (t)en (t) = Omx1 as t — oo. Utilizing the above

facts along with the fact that W7 (to) e, (to) is constant, it follows that 0 (t) — 6 as t — oo. 11

C Proof of Theorem 3

PROOF. Let V (s,t) € R denote the following non-negative function

VA

Z e+ 2TTMT+P1+V (C.1)

N)I)—l

1 Similar steps in [8] and [21] can be utilized to prove that s (t) € S Vt when s (to) € S and (29), (30), and (A.26) are satisfied.
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where P; (t) was defined in (A.7), V4 () € R is a non-negative function defined as

v, 2 2kL/ NT (7) N, (7) dr, (C.2)
and s (t) is defined as
EN A (C.3)
After utilizing (5), (C.1) can be bounded as follows
Wi (s) <V (s,t) < Wa(s) (C4)
where W1 (s), W2 (s) € R are defined by
Wi (s) & A lsll® , W (s) £ A (Is]) |15 (C.5)
and A1, A2 (+) € R are defined according to
N2 %mln{l m} | dp 2 max{l, %m(||s|)}. (C.6)

After taking the time derivative of (C.1), the following expression can be obtained

Z Fei—elAe, + el e, (C.7)
~ ) k
—Tr4++TN =T Kr — TLTTT

where (8a)-(8¢), (10), (42), (44) and (A.1) were utilized. After utilizing (19), (29) and the triangle inequality, an
upper-bound on (C.7) can be obtained as

V< =dalel? + el o Qlel) a0 - (2 + 2 ) 1o
e (- 2LDY ©3)

where A3 £ min { > Amin (A) — 5 and A4 £ min {)\3, & } The following inequality can be developed
V<W(s) <W(s) (C.9)
where W (s), W (s) € R denote the following non-positive functions
W (s) & =By ll=ll* , W (s) & =g lleal|” (C.10)
with B, € R being a positive constant, and provided that K is selected according to the following sufficient condition
P (=)
V]

K> or 2]l < pt (2 A4K). (C.11)

Based on (C.1)-(C.6) and (C.8)-(C.10), the regions D and S can be defined as follows

D= {s sl < pt (2 MK)} (C.12)
S_{SGD:W2(5)<)\1 (pfl (2 MK))Q}. (C.13)
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Note that the region of attraction in (C.13) can be made arbitrarily large to include any initial conditions by
increasing K (i.e., a semi-global stability result). Specifically, (C.5) and (C.13) can be used to calculate the region
of attraction as follows

Wa (s (o)) < M (pfl (2 MK))Q (C.14)

A1 1
= ls @l <\ oo (VRE)

which can be rearranged as

e tl e O R (C.15)

By utilizing (20) and (C.3) the following explicit expression for ||s (¢9)|| can be derived as follows

s o) I* = > lea (o)1 + [Ir (o) I + G-

i=1
From (C.1), (C.9), (C.13)-(C.15), it is clear that V (s,t) € Lo Vs (to) € S; hence s (t),z (t) € Loo Vs (to) € S. From
(10), it is clear that é, () € Loo Vs (to) € S. Using (6) and (34), it can be proved that 2 (t) € Log, i =0,1,...,m,

Vs (tp) € S. Then, it is clear that M (¢) ,M (t), f(t) € Lo Vs(to) € S. By using these boundedness statements
along with (2) it is clear that u (t) € Lo Vs (tp) € S. These boundedness statements can be used along with the

time derivative of (C.10) to prove that W (s(t)) € Loo Vs (to) € S; hence W (s (t)) is uniformly continuous. A
direct application of Theorem 8.4 in [8] can be used to prove that ey (t)|| — 0 as t — oo Vs (tg) € S. It should be

noted that for finite time the subsequent analysis can be easily extended to prove that N,. (t), @ (t), 7 (t), N, (t) are
bounded. J

D Development of (11) for a second order system

In this appendix, the open-loop error system in (11) is developed in detail for a second order system. Following
system model which is a second order form of the class of nonlinear systems is considered

E=f+Gu+d)+ds
where z (t), £ (t) € R™ are the system states, f (z,2,0) € R™ and G (z,4,0) € R™*™ are nonlinear functions,
6 € RP is an unknown constant parameter vector, dy (t), d2 (t) € R™ are unknown additive nonlinear disturbances,
and u (t) € R™ is the control input. The system model is assumed to satisfy the following assumptions.
Assumption 5 The nonlinear function G (-) is symmetric, positive definite and satisfies the following inequalities

m|élf* <M (e <m()|€]> vEeR™

where M (z,&,0) € R™*™ s defined as

MA2G! (D.1)
and m € R is a positive bounding constant, m (x, ) € R is a positive, globally invertible, nondecreasing function of
each variable, and ||-|| denotes the Euclidean norm.

Assumption 6 The nonlinear functions, f (-) and G (+), are continuously differentiable up to their second derivatives

fic, £(), G() €C2).
Assumption 7 The nonlinear functions, f (-) and M (-), are affine in 6.

Assumption 8 The additive disturbances, di (t) and da(t), are assumed to be continuously differentiable and
bounded up to their second derivatives (i.e., d; (t) € C? and d; (t), d; (t), d; (t) € Loo, i = 1,2).
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The output tracking error e; (¢) € R™ is defined as follows
R (D.2)
where z,. (t) € R™ is the reference trajectory satisfying the following property

. (t)eC?®, 2 (t) € Low ,i=0,1,....4. (D.3)

The control design objective is to develop an adaptive control law that ensures |le; (¢)]],||é1 ()| — 0 as t — oo and
that all signals remain bounded within the closed-loop system. To achieve the control objectives, the subsequent
development is derived based on the assumption that the system states z (t) and & (¢) are measurable.

The filtered tracking error signal, denoted by ez (t) € R™, is defined as follows
e2 = é1 +eq. (D.4)
After utilizing (D.1), the system model can be rewritten as follows
Mi =h+u+dy + Mds (D.5)

where h (t) € R™ is defined as follows
h&Mf. (D.6)
To facilitate the control development, the filtered tracking error signal, denoted by r (t) € R™, is defined as follows

r & éy+ Aey (D.7)

where A € R™*™ is a constant, diagonal, positive definite, gain matrix. After differentiating (D.7) following expres-
sion is obtained

72 Eg + Aéo (D.8)
=T, — T +é + Aéy (D.10)

where second time derivative of (D.4), and third time derivative of (D.2) were utilized to obtain the second and third
equations, respectively. The time derivative of the expression in (D.5) is as follows

M& 4+ Mi = h+ 1+ dy + Mdy + Mds (D.11)
and the following expression is obtained
ME = —Mi + h+ 1t + dy + Mdy + Mds. (D.12)
After premultiplying (D.10) by M (-) following expression is obtained
Mpr=M%, — MT+ Mé + MAéy (D.13)
and then substituting (D.12) results in the following expression

Mi=M7%, + Mé + MAéy + Mi —h — i — dy — Mdy — Mda (D.14)
=M (%, + & + Néy) + Mi —h — i — dy — Mdy — Mds. (D.15)

It is noted that (D.15) is the second order form of the general expression in (11).
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E Detailed explanation of the system model in the simulation study

In this appendix, the system model utilized in the simulation study is presented in detail. The system model that
was considered in the simulation study is a first order form of the class of nonlinear systems considered in this work
and has the following form

t=f+Gu+d)+do (E.1)

T
where x (t) = [:pl (t) x2 (t)} € R? is the system state, u (t) € R? is the control input, f (x,0) € R? and G (z,0) €

T
R?*2 are nonlinear functions, § = [91 92] € R? is a constant parameter vector, d; (t), d2 (t) € R? are additive

nonlinear disturbances, and f (x,0) and G («,0) are defined as follows

X1Tg
=1, ] (E.2)
L T2
r2+ ;os T 0
G= ! 3+sinzy |- (E.3)
0 o e
L 02

The matrix inverse of G (z, ), denoted by M (x,0) € R**?| is defined as

6, 0
M= 2+ cos Ty (E.4)
0 92 . .
3+ sin xo
The output tracking error, denoted by e; (t) € R?, is defined as follows
e 2, —x (E.5)

where z,. (t) € R? is the reference trajectory selected as

o[- e (1= (-2)) | o

t3
Zr2 2sint (1 — exp (—5)>

After utilizing M (-) = G~ () the system model can be rewritten as follows
Mi?:h+u+d1+Md2 (E7)

where h (t) € R? is defined as follows
h& Mf. (E.8)
The time derivative of the expression in (E.7) is given as follows

Mi + Mi = h+ @+ dy + Mda + Mdy. (E.9)

Since a first order system model was preferred for the numerical simulation study, the only filtered tracking error
signal, denoted by r (t) € R?, is defined as follows

T é él + A61 (ElO)

where A € R?*2 is a constant, diagonal, positive definite, gain matrix. After differentiating (E.10) following expression
is obtained

FEE+ Aéy (E.11)
=&, — &+ Aéy (E.12)
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where the second time derivative of (E.5) was utilized. After premultiplying (E.12) with M (-), following expression

is obtained
M7 = Mz, — Mz + MAé&
and then substituting (E.9) results in the following expression

M7 = M, + Mi — h — 1 —dy — Mds — Mdy + MAé,.

(E.13)

(E.14)

After adding and subtracting 0.5M (-) r (t) + ey (t) to the right-hand-side of (E.14) following expression is obtained

M7y = Mz, + Mi — h— @ —dy — Mdy — Mdy + MAéy +0.5Mr — 0.5Mr + e1 — e1.
The auxiliary signal, denoted by N (-) € R?, is defined as follows
N =M (& 4 Aé1) + M (2 4+ 0.57) +e1 — h

and the auxiliary signal, denoted by N,. (t) € R?, is defined as follows

N’I" = Mrir + Mr:tr - hr

where h, (t) € R? is defined as follows
hy & M, f,.
The nonlinear functions M, (t) and f, (t) are functions of reference trajectory and are defined as follows

01 0
M, = 2 + cos 1

0
0 2

3+ sinz,o

Tr1Tr2
fr = [

2
Lo

The auxiliary signal N, (t) can be found as follows

1
01— 0 -

N, = "2 ¥ cosz ) [I“]
0 -
23 + sin x,9
_91 irl sinxrl . 0 -

(2 + coszy1) . Zr1
0 92 Tr2 COS Ty 5 a-,;T2

(3 + sinx,2)

9 irl sin Tr1 0
—f -
(24 coszr1) Tr1Tr2
Typo COS T2 2

0 Op——————— Tio
2 3+ Sinxr2)2 i

r 1
1 0
. 2+ cos 1 )

0 2x7‘2j7r2

Tr1Tr2 + Tr1Tr2 ‘|

2o ———
3+ sin g

P <Ir1 — &p1&r2 — Tr1lr2 Ep1 (Er1 — Tp1Tr2) SID xn)
) _

B 2+ cos T (2 + cos ,1)*
0 Ty — 2Xp2lyo + Ty (ir2 - I%Q) COS T2
2 -
3 + sinxyo (3 4 sin )
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From which it can be concluded that
N, =W,0

T
where 6 = [91 92} € R? is the unknown constant parameter vector and W, (Tp, &y, &) € R?*2 is the nonlinear

regressor matrix defined as follows

jrl - :tr1$7‘2 - :Erl:tr2 N ibrl (fbrl - xr1$r2) sin Tr1
2
2 + coS Ty1 (2 + cos 1)

0
W, =

. . . . 2
Gpy — 20podpy  drg (Er2 — T2y) COS Tpo

3+ sinz,o (3 4 sinz,2)°

F Development of (19)

In this appendix, the upper bound for the auxiliary term N (.) in ((19)) will be derived. To facilitate the upper
bound development, first, the second and the third terms in the first line of (13) will be written in terms of e; (),
i = 1,..,n. After utilizing (8a) and (8b), following expressions can be obtained for the first and the second time
derivatives of e; (t)

é1=62 —e1 (Fl)
él = €3 — 262 (F?)

and the following general formula can be utilized to calculate the higher order derivatives of ey (¢) in terms of e; (¢),
1=1,...,n

(k)

€] =ago€k+1 + ak,1€x + Gg2€k—1
k-2
+ g (—Gk—1,0 — Qk—1,i+1 + Qk—1,i+2) Ck—1—i (F.3)
i=1

for k = 3,...,(n — 1), and the n'* order derivative of e; (t) can be obtained as follows in terms of e; (t), i = 1,...,n
and r (t)

egn) =r—= [(an,O + C_Ln,l) I-— A] €n t (C_Ln,O + C_Ln72) €n-1
n—2
+ Z (=Gn—1,i — Gn—1,i+1 + Gn_1,i+2) En—1—i (F4)
i=1

where ago =1, a1 = —k, ago = (k—1)(k—2) /2 for k = 2,...,n and ax; = 0 when j > k. After utilizing (F.3)
and (F.4) along with (13), following expression can be obtained

n—2 n—1
Z anengrQ) + Aen = Z bjej + Alen + AQT (F5)
§=0 j=1

where b;, j =1,...,(n — 1) are constants, and Ay, Ap € R™*™ are constant, diagonal matrices that can be obtained
by substituting (F.1)-(F.4) into the left-hand-side of (F.5). Thus, the auxiliary function N (z,4,...,2(™),t), which
was defined in (13), can be rewritten as follows

n—1
7j=1

The auxiliary function N, (¢) can be written as follows

N, = My 4 Mz — h, (F.7)
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where M, (t) was defined in (18) and h,. (t) € R™ is defined as follows

>

S
>
>

(n) "

T=Ly, E=Ep,..., () =25

To simplify the subsequent derivations, following definitions are made

FAN — Mdy — Mds
Fr £ NT — Mrd2 - Mrd2

where F £ F (a:, wnx™ ey en, T x£"+1)) € R™and F,. £ F|

R™. Thus, from (15) following expression is obtained

T=Lp, E=Epye.., 2 =5

o =F (xr,...,xSJ”,O,...,0,0,x£"+1>) e

N2F_F,. (F.8)

To further facilitate the subsequent upper bound development, F |z, &, ..., 2™ ey, ... en,T, x&"*l)

F (3:7«, Ty, ...,x&"), €1y eeey €1y Ty x£n+1)) , F (mr, e xi"), 0,...,en, 7, x£n+1)), o F (3:7«, e xi"), 0,...,0,r, xi"*l)) are added
and subtracted to the right-hand side of (F.8) to obtain the following expression

N = {F (:1:, ™ e, en, xi"Jrl)) - F (3:7«, o™ eq, e, xﬁ"JFl))}

+ F(;CT,;b,...,x("),el,...,en,r,xgnﬂ)) —F(xr,:tT,...,x("),el,...,en,r, x$”+1))]

+ _F (;CT, - :67(_"_1), ;v("), €1,y ey Cny Ty x£"+1)> (xru ey :vﬁ"_”,x&"), €1,y ey €ny Ty x&"H))}

(xr, . xﬁ"), 0,..,en,1, x£"+1)>]

( n+1)
+ _F (IT, e x&"), 0,e2,...,en,T, x£"+1)> - F (mr, e x&"), 0,0,...,en,T, xi"“))}

- F
+ _F :ET,...,:Eﬁ"_l),:tg"),el,...,€n77“7x£ - I

+|F (zr, (™00, ...,0, 7, x§”+1>) _F (a:r, e (™.0,0,...,0, O,x(”+1))] . (F.9)

T

It is to be noted that the first term on the first line of (F.9) and the second term on the last line of (F.9) are equal
to F (+) and F; (+), respectively, and the other terms are subtracted in the preceding line and added in the following
line. After applying the Mean Value Theorem [8] to each bracketed term of (F.9), the following expression can be
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obtained

_ OF (JO,...,x(”),el,...,en,r,x§n+l))
N = Joc (x —x)

go0=v0
(n+1)
oF (:CT, 01y ™ eq, . e, T, Ty

(90'1

+

o1=v1

(n+1)
oF (xr, ey Oy €1, €9, ey €0y Ty T

4 o (xm) _ x;m)
oF (xr, - xﬁ"),anﬂ, €9,y ey €0y T xﬁ"“))
+ dons (e1 —0)
Cng1=Uni1
OF (:CT, . x&n),el, Ot 2y ey €y Ty x&nﬂ))
+ Gomia (e2 —0)
Omi2=vnia
oF (xr, - x&"),el, €2, ..., Ton, T, x£n+1))
+ Do (en, —0)
Can=Uan
oF (xr, . :E&"),el, €9, vy €, 02n+1,x$«"+1))
+ (r—0) (F.10)

302n+1
02n4+1=V2n+1
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where v; € (z,,x) for i =0,...,n, v; € (0,¢;) for i = (n+1),...,2n, and va,41 € (0,7). The right-hand side of (F.10)
can be upper bounded as follows

oF (00, ™ ey e, x£n+1))

%] < o0 e
g0=v0
(n+1)
oF (wr,al,...,x(”),el,...,en,r,m .
+ o Jea]
g1=71
n+1)
OF (xr,...,an,el,eg,...,en,r,x£ )
(n)
+ 3 eh
On
Opn="uUn
(n) (n+1)
or (x’ru oy Tr 5 0n415,€25 05 €, Ty Ty
- — el
n—+
On+1=VUn+1
(n) (n+1)
or (x’ru"'uxT y€1,0n+2y ey Eny Ty Ty || H
+ €9
8Un+2
On42=Un+2
(n) (n+1)
oF (xr, ey X €1, €2, euny O, Ty Ty
- o el
n
O2n="V2n
(n) (n+1)
oF (xr, ey Ty €1, €2,y eeey €y T2 15 Ty
+ Sor Il (F.11)
n
O2n4+1=V2n+1

The partial derivatives in (F.11) can be calculated by using (F.6) as follows

OF (0;) oM | ., — oM [ . 1 oh .
Jo. 0o, ("t 4 ; bje; + Aen + Ao | + B0, (™ 57~ Do fori=0,..,n (F.12)
OF (o,
8(0) =bM fori=(n+1),...,(2n— 1) (F.13)
o
F(02n
OF (92n) _ ppp, 4o (F.14)
a0'211
OF (o2n .
OF (72n+1) _ pra, 4 o507, (F.15)
302n+1
By defining v; £ 2z — 7; (20 — :vgf)) fori =0,...,n, v; = e; —7;(e; —0) for i = (n+1),...,2n, and v, 41 =

r—1; (r—0), where 7; € (0,1) Vi =0, ..., (2n + 1), and if Assumptions 2 and 4, and (7) are met, then upper bounds
for the right-hand sides of the expressions in (F.12)-(F.15) can be rewritten as follows

80’i

< p; (:v, ...7x(")) (F.16)

0i="0q
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where p; (-) Vi = 0, ..., (2n 4 1), are positive nondecreasing functions of x (t),...,z("™ (t). After substituting (F.16)
into (F.11), the upper bound for the auxiliary signal N (-) can be rewritten as

N <> 0 (lealls s lleall, ) e (F.17)
j=0
2n
+ 3 oy Ulells e lleall Il sl
j=n+1
+pangr (el leal D) il

where (F.1)-(F.4) and derivatives of (6) were utilized. The expressions in (20), (F.1)-(F.4) can be used to rewrite
the upper bound for the right-hand side of (F.17) as in (19).
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